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Abstract

In this paper we apply a modification of a generalized Pringsheim’s theorem to obt@in a
continued fraction expansion for the quotient of two contiguous basic hypergeometric functions
in arbitrarily many variables. As an application we obtai@ &ontinued fraction extension of the
Rogers—Ramanujan continued fraction.

0 2003 Elsevier Inc. All rights reserved.

1. Introduction

In [1,2,5] the problem of expanding basic hypergeometric functions into continued
fractions was studied. The goal of [1] was to maximize the number of free parameters in
a continued fraction which extended the famous Rogers—Ramanujan continued fraction as
well as the Rogers—Ramanujan identities. One problem is that as one adds free parameters
to basic hypergeometric functions, the order of the difference equations they satisfy
increases and soon it is not possible to find the second-order recurrences necessary for
continued fractions.

In the previous paper [4] we applied a generalization of the continued fraction process
which arises from higher-order recurrences. This generalization is know@ aatinued
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fraction [10]. In this paper using-difference equations we find @-continued fraction
expansion for the quotient of two basic hypergeometric functions in arbitrarily many
variables. In [4] we gave a similar expansion, but here the functions involved are different
as is the method to prove convergence. For convergence in [4] we used the theorem of
Zahar [14] and the fact that for the basic hypergeometric functions considered, the full
vector space of solutions of thejrdifference equations is easy to write down. The theorem
of Zahar [14] extends the theorem of Pincherle [11] for ordinary continued fractions.
However, when the full vector space of solutions ofhdifference equation is not known,
or is difficult to describe, the theorem of Zahar [14] can be hard to apply. An example
of this for ordinary continued fractions is tledifference equation which generates the
famous Rogers—Ramanujan continued fraction. In this paper we consider the general case
using a different method to obtain convergence results. To approach the general case we
use a modification of a generalization of Pringsheim’s theorem due to Levrie [7]. In [7]
the theory on infinite systems of equations, developed by Kantorovich and Krylov [6], was
used to prove a generalization of Pringsheim’s theorem. Using a variant of this method,
we obtain convergence for an explicitcontinued fraction which represents the quotient
of two contiguous basic hypergeometric series. As an application of this result, we obtain
an infinite family of G-continued fractions generalizing the famous Rogers—Ramanujan
continued fraction. See Theorem 7 and its corollaries for this result.

First we review basic results and prove the variant of Levrie’s theorem which we use to
derive ourG-continued fraction expansion.

2. Definition and notation

We begin with the definition of &-continued fraction. Consider theth-order linear
homogeneous recurrence relation of the form

m
Zai M) yptm—i =0, ao(n)a,(n)#0, n=0,1,.... (2.2)
i=0
Here they; (n), 0 < i < m, are given sequences of complex constants. Define the following
transformations,, ands, from C"~1 into C U {oo} iteratively in terms of the sequences
a; (n) by the following equations:

sn(w, ..., Wm—1)
_ —ap(n)
am-1(n) + am—2(M)w1 + am—3(M)wiwz + - - - + ap(M)wWiw2 . .. Wy—1’
S1(wi, ..., wyu—1) =s1(w1, ..., wWn-1),
Sp(wi, ..., Wy-1) = Sn—l(sn (w1, .., Wm—1), W1, .. ., wm—Z)a

forn>1, andf, = S,(0,0,...,0). Then f, is called the(n + 1)st approximant of the
G-continued fraction

K [ —ap(n) }
"=0| Gp_1(n); ...;a0(n) |
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If f=1Ilim,_~ f; exists, then theG-continued fraction is said to converge to this
limiting value and we write

00 —ap(n) .
K"ZO[aml(n); ...;ao(n)} =/

3. Infinite systems

In this section we review the basics of infinite systems from [6] to give a context for the
next section. Recall the following definitions on infinite system of equations. The system
of equations

ap,0x0 + ao,1x1 + - - - = bo,
ai,0x0 +ag1x1+---=ba,

is called an infinite system of linear equations in an infinite set of unknowns.dslgr@nd

b; are complex numbers and theare unknowns. Notice that by singling oytin theith
equation and transposing it to the left side, the given system can be written in the following
form:

o0

X; = Z cikxk+bi, i=0,1,.... (3.1)
k=0, k#i

Definition 1. The infinite system of equations (3.1) is said to have a solutjofi =
0,1, ...)if on substituting these values in the equations we obtain convergent series and all
the equations are satisfied.

Definition 2. The system

oo
Xi=) CiuXp+Bi, i=01,..., (3.2)
k=0
is calledmajorantfor the system (3.1) if the following inequalities hold:

|Ci,k|<Ci,k and |bi| < B, i=0,1,....

An infinite system (3.1) is calledregular systenif

o0
Z|c,»,k|<1, i=0,1,...,
k=0

and is said to be (3.XFully regularif the sum of the moduli of the coefficients of each row
does not exceed a constant number less than unity:

oo
D leixl<l—e<1, i=01...,€e>0.
k=0
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The solutions:* and X of systems (3.1) and obtained by the successive approximations
with zero initial values are callegdrincipal solutionsof these systems. The successive
approximation method is defined by the following equations:

Q=0 i=01...,

i
00

xi(n+l) =Zci,kx;£n)+bi, i,n=0,1,...,
k=0

lim x™ =x¥, i=01,....

n— oo !

In [6] the following theorems were proved which are used in [7] to derive a general-
ization of Pringsheim’s theorem.
Let

i =1—Z|c,~,k| (>¢) (=0,1,..).

k=0

Suppose that a system (3.1) is fully regular and satisfies
|bi| < Mp;, M >D0. (3.3)

Then the system

o
Xi =" leix| X + Mp; (3.4)
k=0
is majorant system for system (3.1). It is clear that the system (3.4) has a positive solution
X,’ =M > 0.

Theorem 1 [6]. A fully regular systen{3.1)with the condition(3.3) has a unique bounded
solutionx; (i =0, 1,...). Moreover, the principal solution of the system of equati@)
XrisX!=M.

Theorem 2 [6]. Let a systenf3.1)be regular and satisf{3.3). Then the principal solution
x7 of an infinite system of equations can be found by the method of reduction,;gy, if
is the principal solution of the finite system

N
xi:ZCi,kxk+biv i:O,l,...,N, (35)
k=0

ﬂ‘l(—:‘l’]x;‘< =liMy_ o0 XiN-

Observe that the principal solutiarf which may be found by the method of reduction
is bounded by
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4. G-continued fractionsin degenerate cases

Leta;(n) be functiong; (z¢™). Here we consider following recurrence relation:

m
3 gizaM fzg" ") =0, n=0,1,..., (4.1)
i=0

wheregog,, is not identically zero. We apply Theorems 1 and 2 to obtafi-eontinued
expansion of a quotient ef-series. As usual throughout we talke < 1.

Theorem 3.Fixe > OandletD = {z € C: |z| < r}. Assume fot € D andforn =0, 1, ...,
an:Q i£m—1 |8i(zg™)|
|gm—1(zg™)|

Suppose that there is a bounded functit) in D so that f(z¢") (i =0,1,...) satis-
fies(4.1). Thenf(zq") (i =0,1,...) is the only bounded solution for eaghe D which
satisfieg4.1)and theG-continued fraction

<l-—e 4.2)

K > |: —gm(zq") i|
n=0

8m-1(zq"); .. .; go(zg™)
converges tof (zq)/ f(z) forz € D.

Proof. Fix z € D and|g| < 1. Letw; = f(zq') and write the recurrence relation (4.1) as

m

gm—k(Zqi)

Dir (1=0,1,..). 4.3)
gm-1(zq")

Wi+l = —
k=0, k#1

By changing variables we can easily see that (4.3) can be written as

m+i—1 Cm1ti (Zqiil)
k=i—1 ki Smm1R4

Let gi(zq") =0 for alln > O if eitheri <0 ori > m and put

gm—1+i—k(zq'™Y)

gmfl(Zqiil)
It is clear thatc; y =0 if k <i —1 ork >m +i — 1. So we can write the recurrence
relation (4.1) as an infinite system of equations

Cik = —

e¢]

w; = Z Ci k Wk (l = 1, 2, .. ) (44)
k=0, ki

Using the inequality (4.2), one can easily see that the above system is fully regular. Since
b =0foralli,|b;| < Mp; for someM > 0. Since the infinite system (4.4) satisfies all the
requirements in Theorem 1, there is a unique bounded solutigh= 0, 1, ...) for each

z € D. Sincef (z) is bounded inD and satisfies (4.1), itis evident thAtz¢’) (i =0,1,...)
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is a bounded solution of (4.4) for eaghe D. Hencef(zg") (i =0, 1,...) is the unique
bounded solution for eache D which fulfills (4.1).
Let N be a fixed nonnegative integer. Define

N4 =0 i=2....m, (4.5)
yﬁ+l=1_ (4.6)
8(z61)
’Qq” Y om_is n=0,...,N, (4.7)
and
ynl i —
TN(n)— n;, |f}’l—0,...,N, (48)
0, fn=N+1....N+m—1.

Here, (4.7) is defined backward, that is, (4.7) is defined fromN to 0. As an immediate
consequence of the definition we have

Sn(O,...,0)=TN(0).
Sincey) (n=0,1,..., N +2) satisfies the recurrence relation (4,1, can be considered
as a solution of the finite system
N

W= > et =01....N).

k=0, kn

Thus limy - yN is bounded for alk =0, 1, ... and is a solution of infinite system (4.4)
by Theorem 2. Since the bounded solut|on of (4.4) is uniqueylim y~ = f(zg").
Hence

N n
Jim TNy = lim 224L = f(zq +l).
N—oo y¥ fzg™)
From (4.5)—(4.8), we have fa¥ sufficiently large ana =0, 1, ...,

TV (n) =

—8m(n) (4 9)
g1 +gm 20 TN D) ++g—i () [T127 TN (nt j)++o) [T TN () '

By repeated application of (4.9);"(0) converges tof(zq)/f(z). Therefore theG-
continued fraction converges (zq)/ f(z). O

Theorem 3 will be applied to the basic hypergeometric series by making use of the
theorem of Thomae [13], which states that the analytic solutions at the origin (analytic up
to a multiple ofz”, y € R) of the ¢-difference equation

(Bo — @02q™) f(24™) + (B1 — @12¢") f (zg"* 1) + - -
+ (Bn — amzq"™) f(z¢"™") =0 (4.10)

are givenfori =1,2,...,k—1 by
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-1 i 1 _l H j ’ / l j .
(C]_di )j"'(ck—l dl )j q(é)(l—l)( Olldl ) (an)j’

fizg") = (2¢"" ) gl

S5 (digd ) - (dkeigdi )

(4.11)

wherelg| < 1,9 % =d;, (a)o=1,

@r=01-a)1—-aq)...(L—agk™,

m

Zaili =o' (1—c12)...(L—cp_r2), (4.12)

i=0
and

Z,BiZi =Bzl (1 —d12) ... (1 — dx_s2). (4.13)

i=0

Equation (4.10) is called the canonicpldifference equation for the functions defined
by (4.11). Here we consider the special c§ég= 1, oo = 0) of (4.11):

! (Cld-_l)j ...(Ck/_l/d-_l)j INA &7 J .
fi(zq") = (zq™)" — A (_) (zq")!
§) (d1gd; ;.. (drqd; h); d]
forall z € C, (4.14)

where|q| < 1,47" =d; andc;, d; are zeroes of Egs. (4.12) and (4.13). From (4.3Q))
(i=1,..., k) satisfies

f(zq™) + (B1— a1z¢") f(zg" ™) + -+ (B — amzg™ £ (z¢" ™) =0. (4.15)

Here, unlike in [4], thef; are not necessarily distinct functions. leet- 0 be fixed. Assume

A—e)lpl>1+) Al (4.16)

i=2

Let g(z) = B1z andh(z) = 1+ B2z + --- + Buz™. Then by (4.16)|h(z)| < |g(z)| on
|z| = 1. Applying Rouche’s theorem tg(z) andg(z) + h(z), we can say thag(z) + h(z)
has the same number of zerog&s) inside|z| = 1. Sinceg(z) has only one zero inside the
unitdisk, so doeg(z) +h(z). Itis easy to see thag (z) +h(z)| > 0on|z| = 1. Hence there
is only oned; such thatd;| > 1 and the others are inside the unit disk. Sipge’| = |d;|
and|q| < 1, z¥ is bounded in a domain containing O if and onlydf| > 1. Letd be the
one with|d| > 1 and f (z¢™) be the solution correspondingdo

In this situation we have the following theorem.

Theorem 4. Assumé4.16) Then theG-continued fraction

ol 0[ -1 } (4.17)
(Br—a1z2g™); .. .5 Bu—1 — am—129"); (B — amzq™)

converges tof (zq)/ f (z) for eachz € C.
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Proof. Note that f(zq") = (z¢™) fi(zq") with |¢77| = |d| > 1 and f1 analytic. So
f(zg™) (n=0,1,...) is bounded for eache D, where

D={zeC:|zl<R}, R>1

First we observe there is a integ€r> 0 such that for alk > N and for each fixed € D,

2q" ((1— leal+ ) |a,»|> <(@-o)lpal— (1+ > |ﬁl-|>.
i=2

=2
Hence for each € D and foralln > N,

m

A-olpr—ezq"| 21+ ) 1fi —aizg"l, n=0.12.... (4.18)
i=2

By Theorem 3, for eache D,

K°°_N[ -1 ]
LB = @1zg™); - (Bu-1 — 0m—-129"); (B — 0mzq™)
_ fg™th
o fzg™)
Since (4.19) holds for arbitrarR, (4.19) is true forz € C. Hence (4.17) converges to
f@izq)/f(x)forzeC. O

(4.19)

5. Application to a general Roger s-Ramanujan continued fraction

First, recall some results concerning the equivatgrgontinued fractions given in [8].
We define for arbitrary solutions'™, x?, ..., x\" of (2.1):

ey L
N+p—m+1 - N+p—m+1

EN(x,(ll), . ..,x,S”)) =

(@) (m)
xN+p xN+p

Theorem 5 [8]. The(N + 1)st approximant of th& -continued fraction

K[ —am(n) :|
am—1(n); ...;ao(n)

is given by

1 3
CEx(AP, AP, AT
2 3 ’
En(AP, AP, ..., Ay

WhereAi,i) (i=1,...,m) are the solutions of2.1)with initial values

AD =58, 1, n=0,1,....m—1 (5.1)
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Definition 3. The G-continued fractions

K[ —ay (n) i|
am—1(n); ...; ap(n)

K[ —by(n) :|
bu—1(n); ...; bo(n)

are said to be equivalent if they have the same approximants.

and

Thus equivalenG-continued fractions have the same limit if it exists.

Theorem 6 [8]. If there exists a sequence of constafts} with r_,,41 =1, r, #0
(m=-m+1,...,00) such that

bi(n) =rpqary .. .ra—i+1a;(n), i=0,...,m,

foralln =0, 1, ..., then theG-continued fractions

K [ —ap (n) }
"=O apy_1(n); ...; ao(n)

and
n=0 . .
bmfl(n)v LS bO(n)
are equivalent.

Now consider the recurrence relation

fzg" = fzq"™) —2¢" f(zg") =0,
The G-continued fraction arising from the above recurrence relation is

“o| o)

n=011:.0;...;0;z¢" 1|
Unfortunately, Theorem 4 does not immediately apply as the dplis d1 = 1. This
is remedied by applying Theorem 6 as follows. lgt(0) = 27 and forn > 1 put
bu(n) =27""1 Also forn >0 leth,,_1(n) = 27" and putbg(n) = 2-1z¢"*1. Then the
two G-continued fractions

1
KOO -
"=°[1; 0;...;0; zq”+1i|
and

":O[bm_l(n); 0,...;0; bo(n)]

are equivalent by applying Theorem 10 with=1/2 (n ## —m + 1) andr_,,+1 = 1. Also
note that
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00 |: b (n) :|
"0 by—1(n); 0; ...; O; bo(n)
- 2" . (5.2)

— 1 2-m—1
2+ 27 2q [ K s gy

The G-continued fraction

2—m 1
Kozt
2-m:0;...; 27 (zg"tL)
is generated from the recurrence relation
_zfmflf(zqn) + zfmf(zanrl) + zflzqn+lf(zqn+m) — 0, n=1, 2’ s
which simplifies to
fzg") = 2f(2q"™) = 2"2¢" f(zq" ") =0, n=12..., (5.3)

and we find using (4.11) that(z¢") is a solution of the recurrence relation (5.3), where
k(mk—m+2n+2)/2 '

[T e () Y ST

>0 (@

with g7 = 271, Clearly the coefficients of the recurrence relation (5.3) satisfies the
inequality (4.16). Hence by Theorem 4 we can conclude that fo¥ gny and forz € C,

. 2 _ ™
n=t] =m0, ...;0; 2 1zg"+1 fzgh -
Thus we have the following theorem.

(5.4)

Theorem 7. Forz € C,

A(mk m+4)/2

k
1 } Yizo ¢

o
n=0|:1. 0: -0 n+1 gkmk—-m+2)/2  *
9 9 9 k
X Zk>0 B (7 PR

(5.5)

Proof. By using (5.2) and (5.4), we have for alk C,

1 } B 2 2

oo
n=0|: — — | T — —1 £( i+1) = _ 1., fzg™)
1;0;...;0; zq 2-m 42 lzqnlm:l —fz(zq') 2"+ 2724 Ty f(zq)
k(mk m+4)/2 k

f(zq) _2fG) _ Yo g ¢

m—1 m ghlmk—m+2)/2  *
T @)+ 27 2gf g™ T [ Zk>0 L gk

The formula (5.5) is aG-continued fraction generalizing the Rogers—Ramanujan
continued fraction to which it reduces when= 2. Corollary 1 can be found in [9,12]
and the more general case is treated in [3].
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Corollary 1 ([9,12] and Corollary to Entry 15 in [3]).

k(k+1)

k

12 2¢° 2¢°  Dizo'grt
I+ 1+ 14+ 1+ #

Yot
Proof. In Theorem 7, leln =2. O

The next corollary displays the form of@-continued fraction when it is expanded out
as an infinite process.

Corollary 2. TheG-continued fraction
1

1”‘1(1+zq2<1+z;i,,,>< L >)(1+zq3< . ) (o >)

1+zg%+- 1+zg%+/ 1475+
converges to
3 gh@+D/2 &
k20 @ ©

Z 4@—1/2 * .
k20" (g«

Proof. In Theorem 7, lein = 3. The expansion given above is obtained by iterating the
G-continued fraction algorithm. O

6. Conclusion

In this paper we have given th@-continued fraction for the gquotients of contiguous
basic hypergeometric functions obtained from the canomiadifference equation which
characterizes the functions. There are also noncanogidédference equations satisfied
by these functions with certain parameters specialized. In a future paper we will consider
the G-continued fractions resulting from thegedifference equations. In general, these
equations are rather complicated, so we will consider those special cases which result
in particularly niceG-continued fraction expansions. We also plan to consider number-
theoretic applications.
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